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Learning Objectives

Introduction

Determinant of order  2

Determinant of order 3

Properties of Determinants

Solution of a Set of Linear Equations by Cramer’s Rule

Let Us Sum Up

Further Reading

Answers to Check Your Progress

Model Questions

After going through this unit, you will be able to:

 define determinant

 evaluate determinants of order 2 and 3

 use the properties of determinants for evaluation of determinants

 solve determinants using Cramer’s rule.

INTRODUCTION

The concept of determinants is a useful tool in solving system of

linear equations in two or three variables. In this unit,we shall discusss the

concept of determinants.We shall also study many properties of

determinants which help in evaluation of determinants. We may use

determinants to solve a system of linear equations by a method known as

Cramer’s rule.

DETERMINANT OF ORDER 2

Let us consider the equations 011  ybxa  and 022  ybxa .

13.1

13.2

13.3

13.4

13.5

13.6

13.7

13.8

13.9

13.10

13.1  LEARNING  OBJECTIVES

13.2

13.3
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Eliminating x and y from the equations, we have 
2

2

1

1

b

a

b

a

x

y


01221  baba

which is written in compact form as 0
22

11 
ba

ba

In other words, we have 01221
22

11  baba
ba

ba
.

The expression 
22

11

ba

ba
is called a determinant of the second order. It has

two horizotal lines 1a   1b   and  2a  2b  and two vertical lines 
2

1

a

a
  

2

1

b

b
.  The

horizontal lines are called rows and the vertical lines are called columns.A

determinant of second order has two rows and two columns.The numbers

2211 ,,, baba  are called the elements of the determinant. 1221 baba  is called

the expansion or the value of the determinant.

Example 5.1: Evaluate (i) 42

31

    (ii) 1

1




xx

xx
 (iii) 1

11
23 


xxx

x

 (iv) 2

2

bab

aba

Solution : (i) We have 42

31

     2643.24.1  .

(ii)    11.1.1
1

1 22 



xxxxxx

xx

xx
.

(iii)    32
23 11

1

11
xxxx

xxx

x





33 1 xx 
1 .

(iv)   0222

2

2

 abba
bab

aba
.

Determinant-II Unit 13
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Example 5.2 : Find the value of x  if

(i) 6
31

3





xx

xx
        (ii) 0

241

1212





xx

xx

Solution : (i) We have     133
31

3





xxxx
xx

xx

  xxx  22 9

9 x

69  x

15 x

15 x

(ii) We have      1212412
241

1212





xxxx
xx

xx

1222448 22  xxxxxx

336 2  xx

 123 2  xx

  0123 2  xx

012 2  xx

4

811 
 x

4

31


2

1
,1 

Q 5.3. Solve for x  if 0
11

21

7

5






x

x
.

Solution : Given, 0
11

21

7

5






x

x

    021352  x

01352  x

0362  x

362  x

Determinant-IIUnit 13
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6 x

CHECK YOUR PROGRESS

Q 1: Evaluate :

(i) 117

32 
(ii) 

32113

11332




Q 2: Solve for x :

(i) x

x

x 5

12

41

32 
              (ii) 52

20

4

3

xx

x 


Q 3: If 6
64

3


p
, find the value of p .

Q 4: Prove that 
2222 dcba

ibaidc

idciba





DETERMINANT OF ORDER 3

In 5.3, We have already discussed determinant of order 2. Now, we

think of a determinant which has 3 rows and 3 colums.

Let us consider the equations

0111  zcybxa                 ...  (1)

0222  zcybxa                ...    (2)

and 0333  zcybxa               ...   (3)

Soving (2) and (3), we get  
233223322332 baba

z

acac

y

cbcb

x









Substituting these proportional values of yx, and z in (1), we get

                       0233212332123321  babacacacbcbcba

which can be written in compact form as

                              
0

333

222

111


cba

cba

cba

In other words, we have

13.4

Determinant-II Unit 13
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     233213223123321

333

222

111

babaccacabcbcba

cba

cba

cba



The expression 
333

222

111

cba

cba

cba

 is called a determinant of the third order. Since

it has 3 rows and 3 columns,it is called a determinant of order 3.

     233213223123321 babaccacabcbcba   is called the expansion or

the value of the determinant.

Note : A determinant of order 3 has 9 elements.

Value of a determinant :

Determinant of order three can be determined by expressing it in

terms of second order determinants.This is known as expansion of a

determinant along a row (or a column).There are six ways of expanding a

determinant of order 3 corresponding to each of three rows (R
1
, R

2
 and R

3
)

and three columns (C
1
, C

2
 and C

3
) giving the same value.

Consider the determinant of order 3

                                      
333

222

111

cba

cba

cba

First we expand the given determinant along first row (R
1
):

Step 1 : We multiply element 1a  of 1R  by   111  [   1element   theofposition 1 a ]

and with the second order determinant obtained by deleting the elements

of first row (R
1
) and first column (C

1
) as 1a  lies in R

1
 and C

1
.

                              i.e.,  
33

22
1

111
cb

cb
a

Step 2 : We multiply second element 1b of R
1
 by

  211  [   1element   theofposition 1 b ] and with the second order determinant

obtained by deleting the elements of first row (R
1
) and second column

(C
2
) as 1b  lies in R

1
 and C

2
.
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 i.e.,  
33

22
1

211
ca

ca
b

Step 3 : We multiply third element c
1
 of R

1
 by   311  [   1element   theofposition 1 c ]

and with the second order determinant obtained by deleting the elements of

first row(R
1
) and third column (C

3
) as 1c  lies in R

1
 and C

3
.

                  i.e.,  
33

22
1

311
ba

ba
c

Step 4 : The expansion of determinant is written as the sum of all the three

terms obtained in step 1, 2 and 3 above and is given by

     
33

22
1

31

33

22
1

21

33

22
1

11

333

222

111

111
ba

ba
c

ca

ca
b

cb

cb
a

cba

cba

cba
 

     233212332123321 babaccacabcbcba 

123132213312231321 cbacbacbacbacbacba  .

Expansion along second row (R
2
 ):

Consider the determinant  
333

222

111

cba

cba

cba

Expanding along R
2
, we get

     
33

11
2

32

33

11
2

22

33

11
2

12

333

222

111

111
ba

ba
c

ca

ca
b

cb

cb
a

cba

cba

cba
 

                          133121332213312 babaccacabcbcba 

                     213231123321132312 cbacbacbacbacbacba  .

Expanding along C
1
, we get

 
     

22

11
3

13

33

11
2

12

33

22
1

11

333

222

111

111
cb

cb
a

cb

cb
a

cb

cb
a

cba

cba

cba
 

     122131331223321 cbcbacbcbacbcba 

123213132312231321 cbacbacbacbacbacba 
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Similarly, we can expand the determinant along 23 ,CR  and 3C .

Note : Expanding a determinant along any row or column gives same value.

Example 5.4 : Evaluate the determinant 
014

031

421



Solution : Expanding along R
1 
we get

14

31
4

04

01
2

01

03
1

014

031

421







     1214002001 

52 .

Example 5.5 : Evaluate the determinant 

211

432

321







(i) by expanding about any row

(ii) by expanding about any column.

Solution : (i) (a) Expanding about the first row

  
11

32
3

21

42
2

21

43
1













                      131234122241231 

       32344246 
    32
    5
(b) Expanding about the second row

   
11

21
4

21

31
3

21

32
21













          214323342 
     41514 
     5
(c) Expanding about the third row

 
32

21
2

42

31
1

43

32
1











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The system of writing
equations within [ ] is
known as Matrix. We
shall discuss Matrix
algebra in the next
unit.

 4326498 

21017 
5

(ii) (a) Expanding about first column

43

32
1

21

32
2

21

43
1












   98134246 

17142 
5

(b) Expanding about the second column

     
42

31
11

21

31
3

21

42
21












     64323442 

1015
5

(c) Expanding about the third column

 
32

21
2

11

21
4

11

32
3














     432214323 

243 
5

There are some properties of determinants, which are very much

useful in solving problems. Here we are going to discuss the properties only

for the determinant of order 3.

Property 1 : The value of  determinant remains unchanged if a rows and

columns are interchanged.

i.e., 
321

321

321

333

222

111

ccc

bbb

aaa

cba

cba

cba



Note : If R
i
 = i th row and C

i
 = ith column, then for interchange of row and

columns, we will symbolically write C
iR

i
..

13.5   PROPERTIES  OF  DETERMINANTS
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Property 2 : If any two adjacent rows (or columns) of a determinant are

interchanged, then sign of determinant changes.

i.e., 
333

111

222

333

222

111

cba

cba

cba

cba

cba

cba



Note : We can denote the interchange of rows by R
i R

j
 and interchange

of columns by C
i
 C

j
.

Property 3 : If any two rows (or columns) of a determinant are identical (all

corresponding elements are same), then value of determinant is zero.

i.e.,
0

333

111

111


cba

cba

cba

Property 4 : If each element of a row (or a column) of a determinant is

multiplied by a constant k, then its value gets multiplied by k.

i.e.,  
333

222

111

333

222

111

cba

cba

cba

k

cba

cba

kckbka



Note :The value of the determinant remains unchanged.by applying R
i 
 

kR
i 
or C

i
 kC

i
 to the determinant .

Property 5 : If to any row(or column) is added k times the corresponding

elements of another row (or column), the value of the determinant remains

unchanged.

    i.e.,  
333

222

212121

333

222

111

cba

cba

kcckbbkaa

cba

cba

cba 


Note : The value of determinant remain same if we apply the operation Ri

  R
i
 + kR

j 
or C

i  C
i
 + k C

j
 .

Property 6 : If any row (or column) is the sum of two or more elements,

then the determinant can be expressed as sum of two or more determinants.
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  i.e.,  

333

222

321

333

222

111

333

222

312111

cba

cba

ddd

cba

cba

cba

cba

cba

dcdbda




IIlustrative Examples :

Example 5.6 : Prove that

   accbba

cba

cba 
222

111

Solution :
22222222

001111

acaba

acaba

cba

cba




(Apply 122 CCC   and 133 CCC  )

  
acaba

aacab




2

11

001

   abacacab 

   bcacab 

   accbba  .

Example 5.7 :  Show that

0

1

1

1






bac

acb

cba

Solution :
bac

acb

cba





1

1

1

Apply 233 CCC 

bacc

acbb

cbaa






1

1

1
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 
11

11

11

c

b

a

cba 

 0.cba   ( 1C  and 3C  are identical)

0 .

Example 5.8 : Find x if 0

842

035

41




x

.

Solution : Expanding by 1st row

 
42

35
4

82

05

84

03
1

842

035

41













x

x

     620440241  x

564024  x

8040  x

08040  x

2 x .

Example 5.9 : Solve for x  if  0

31

2

010


x

xx .

Solution : Given , 0

31

2

010


x

xx

0
31

2
0

1
1

3

2
0 

x

x

xx

x

x

  0010 2  xx

02  xx

  01  xx

1,0 x .
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CHECK YOUR PROGRESS

Q 5: Find the value of the following determinants:

(a) 
112

121

312






(b) 
143

375

514




                       (c) 
815

114

211





(i) by expanding about any one row

(ii) by expanding about any one column.

Q 6: Factorise the determinants and solve the equations :

(a) 0

321

2793

22




xxx

       (b) 0

41

31

21
2

3


x

x

x

SOLUTION OF A SET OF LINEAR EQUATIONS
BY CRAMER'S RULE

Let the system of n non-homogenous linear equations in n-unknowns linear

(1)bxa ............   xa   xa 1n1n212111 

(2)bxa ............   xa   xa 2n2n222121 
………………………………………………..

(n)b     xa .  xa   xa nnnn2n21n1 
The system can be written as –

 

b

.

.

b

b

 

x

.

.

x

x

a .....   aa

......................

a   ....   aa

a   ....   aa

1n
n

1

1n
n

1

nnnnn2n1

2n2221

1n1211
22








































































i.e. AX = B

Determinant of the co-efficient matrix A

=|A| = D (say)

13.6

Unit 13Determinant-II

240Discrete Mathematics



Multiplying the equations (1), (2), ……., (n) respectively by the co-factors

of ,, 2111 aa   i.e. 12111 A,,A,A n  and adding we get

 )xaxax(aA)xaxax(aA n2n22212121n1n21211111

n1n212111nnn2n21n1n1 AbAbAb)xaxax(aA 

n1n2121111n1n12121111 AbAbAb)xAaAaA(a 

11 DDx 
Where

                 

nnn2n

2n222

1n121

1

nnn2n1

2n2221

1n1211

a  ........ a   b

..........................

a  ........ a   b

a  ........ a   b

 D  and

a  ........ a   a

..........................

a  ........ a   a

a  ........ a   a

D

D
1
 is the determinant obtained from D by replacing the elements of

1st column by corresponding b's

0D Provided
D

1

D

x

1

1 

Similarly multiplying the equations (1), (2), ………… (n) by co-factors

of the elements of 2nd column of |A| and adding, we get –

 

nnnn1

2n221

1n111

222

.....aba

.....aba

a.....ba

DwhereDDx

 



0D,
D

1

D

x

2

2 

 As above we will get

0D,
D

1

D

x
 ..........

D

x

D

x

n

n

2

2

1

1 

The unique solution of the given system of equation provided D0 in

the coefficient matrix is non-singular.

i.e. the rank of the co-efficient matrix is n = number of variables.

Note : For a system of n non-homogeneous linear equations with n-

unknowns

                  0D,
D

1

D

x
 ..........

D

x

D

x

n

n

2

2

1

1 
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Example 5.10 : Solve the equations

3x + y +2z =  3

2x - 3y – z = –3

x + 2y + z =   4

Using Cramer's rule.

Solution : We have

 

1 2 1

1- 3- 2

2 1  3

 |A|D
  

   





=  3(–3 + 2) – 1(2+1) + 2(4+3)
= –3 –3 + 14
= 80

1D  =  

 

1 2 4

1- 3- 3

2 1  3

 


= 3(–3+2) –1 (–3+4) + 2(–6+12)
= –3 – 1 + 12
= 8

2D =

 

1 4 1

1- 3- 2

2 3  3

 

162293

3)2(81)3(24)33( 




3D  = 
421

332

313



= 3 (–12+6) –1(8+3) + 3 (4+3)
= -18 – 11 + 21
= –8

        1
8

8

D

D
x 1 

2
8

16

D

D
y 2 
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1
8

8-

D

D
z 3 

Example 5.11 : Solve the equations using Cramer's rule:

x+2y+3z = 6

3x–2y+z=2

4x+2y+z=7
Solution :

124

123

321

D   0404224

8)3(64)2(32)21(




 1 2 7

1 2- 2

3 2 6

D1 
 40  54  10 24- 

14)3(4  7)-2(2- 2)-6(-2




174

123

361

D2 

= 1(2–7)–6(3–4)+3(21–8)
= –5+6+39
= 40

724

223

621

D3 

= 1(–14–4)–2(21–8)+6(6+8)
= –18–26+84
= 84 – 44
= 40

     

1
40

40

D

D
  z   

1
40

40

D

D
    y 

1
40

40

D

D
x

3

2

1






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CHECK YOUR PROGRESS

Solve the following system of equations by using

Cramer's rule :

Q 7: 3x + 5y = 8,  –x+2y–z =0, 3x–6y+4z=1

Q 8: x
1
+x

2
+x

3
=7, x

1
– x

2
+ x

3
 = 2, 2x

1 
– x

2
+ 3x

3
 = 9

LET US SUM UP

 The value of determinant is unaltered, when its rows and columns are

interchanged.

 If any two adjacent rows (columns) of a determinant are interchanged,

then the value of the determinant changes only in sign.

 If the determinant has two identical rows (columns), then the value of

the determinant is zero.

 If all the elements in a row or in a (column) of a determinant are

multiplied by a constant k(k > 0) then the value of the determinant is

multiplied by k.

 The value of the determinant is unaltered when a constant multiple of

the elements of any row (column), is added to the corresponding

elements of a different row (column) in a determinant.

 If each element of a row (column) of a determinant is expressed as

the sum of two or more terms, then the determinant is expressed as

the sum of two or more determinants of the same order.
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ANSWERS TO CHECK YOUR
PROGRESS

Ans to Q No 1: (i) 2122
117

32




43 .

(ii)        1131133232
32113

11332





   11934 

3 .

Ans to Q No 2: (i) Given, x

x

x 5

12

41

32 


5238 2  xx

0882 2  xx

0442  xx

  02 2  x

2,2 x .

(ii) Given, 52

20

4

3

xx

x 


xx 40122 

01242  xx

012262  xxx

    0626  xxx

   026  xx

6,2 x .

13.9
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Ans to Q No 3: Given, 6
64

3


p

6418  p

124  p

3 p .

Ans to Q No 4: L.H.S
ibaidc

idciba






     idcidcibaiba 

     2222 idciba 
2222 dcba 

Ans to Q No 5: (a) (i) Expanding about the first row

12

21
3

12

11
1

11

12
2

112

121

312
















     413211122 

1532 
10

(ii) Expanding about the first column

12

31
2

11

31
1

11

12
2

112

121

312



















     612311122 

1022 
10 .

(b) Try yourself

(c) Try yourself.

Ans to Q No 6: (a)  Given, 
0

321

2793

22




xxx

Determinant-II Unit 13
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0

321

931

1

3

2





xx

x

0
93

3
32

3
32

93
3

22








xx

x
xx

xx

      03932331893 22  xxxxxxx

  0392393 22  xxxxx

  0963 2  xxx

  033 2  xx

3,0 x

(b) Try yourself.
Answer Q No 7:

3x + 5y + 0z = 8
–x + 2y – z = 0
3x – 6y + 4z = 1

463

121

053

D




 43

11
5

46

12
3









  = 3 (8-6) – 5(–4+3)
  = 6+5 = 011

41

10
5

46

12
8

461

120

058

D1












= 8(8–6) –5x1=16–5=11

413

101

083

D2 

  43

11
8

41

10
3







  = 3(0+1)–8(–4+3)
  = 3+8 = 11
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1-3

21

853

D3

6

0

  63

21
8

13

01
5

16-

02
3









  = 3(2–0) –5(–1–0) +8(6–6)

  = 6+5 =11

1
11
11

D
D

x 1 

 1
11

11

D

D
y 2 

 

1
11

11

D

D
y 3 

  

i.e. x =1,    y =1,    z =1.
Answer Q No 8:

x
1 
+ x

2 
+ x

3
= 6

x
1 
– x

2 
+ x

3
= 2

2x
1 
– x

2 
+ 3x

3
= 9

12

11
xa

32

11
1x

31

11
1x

312

111

111

D











= (–3+1)–(3–2)+(–1+2)

= –2–1+1= 02 

19

12
x1

39

12
1x

31

11
6

319

112

116

D1 










= 6(–3+1)–(6–9)+(–2+9)
= –12+3+7= – 2

392

121

161

D2 

92

21

32

11

3

1
 x6

9

2

= (6–9) –6(3–2) +(9–4)
= –3 –6 +5
= –9 + 5

Determinant-II Unit 13
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= – 4

9-2

2-1

611

D3

1

1

12

11
6

92

21

91

21










= (–9+2) –(9–4) + 6 x(–1+2)

= –7–5+6

= –12+6

= –6

1
2
2

D
D

x 1
1 






2
2

4

D

D
x 2

2 




 

3
2

6

D

D
x 3

3 




 

MODEL QUESTIONS

Q 1: Evaluate    (i) 32

64

        (ii) 54

23
        (iii) 61

42




Q 2: Evaluate       (i) 
421

413

021


       (ii) 

100

010

001

Q 3: Show that

bac

acb

cba

cbbaac

baaccb

accbba

2




.

Q 4: Show that

13.10
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    cbabaacab

cba

cba 
333

111

Q 5: Show that 
0

22

22

22






baabba

accaac

cbbccb

.

Q 6: Show that 
abccba

baaccb

accbca

cba

3333 



Q 7: Prove that 
 cbaxx

cxba

cbxa

cbax







2

Q 8: Show that   
xy

y

x 



111

111

111

Q 9: Without expanding the determinant, prove that

0




cbbaac

baaccb

accbba

Q 10: Solve using Cramer’s rule

  

2 3 9

2 3 6

3 2 8

x y z

x y z

x y x

  
  
  

*** ***** ***
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